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$\Sigma$ $0,1$ $\Sigma$ $n$ $\Sigma^{n}$
$\Sigma^{*}=\bigcup_{i=0}^{\infty}\Sigma^{i}$ $\Sigma$ $\Sigma^{\infty}$
$S,$ $T$ $S\cross T=\{s\cdot t|s\in S,t\in T\}$ $A\subseteq\Sigma^{*}$ $\overline{A}\subseteq\Sigma^{\infty}$
$A\cross\Sigma^{\infty}$ $a$ $\overline{a}$ $\{a\}\cross\Sigma^{\infty}$ $\overline{2^{\Sigma}}=\{A\cross\Sigma^{\infty}|A\in$
$2^{\Sigma}\}$ $(\Sigma^{\infty},\overline{2^{\Sigma}})$
$\mu$






$x\in FPr[Q(x)]=\mu(\{\overline{x}|x\in F\wedge Q(x)\})$
$x\in F$ $\alpha\in\Sigma^{\infty}$ $R(\cdot, \cdot)$
$x \in F,\alpha\in Pr_{\Sigma\infty}[R(x,\alpha)]=\sum_{x\in F}\mu(\overline{x})\mu(\{\alpha\in\Sigma^{\infty}|R(x,\alpha)\})$
$\mu(B)\neq 0$
$\mu(A|B)=\frac{\mu(A\cap B)}{\mu(B)}$
\mbox{\boldmath $\tau$} $Pr_{x\epsilon F,\alpha\epsilon\Sigma\infty}[S(x,\alpha)]\neq 0$
$x \in F,\alpha\in z\infty- Pr[R(x,\alpha)|S(x,\alpha)]=\frac{Pr_{x\in F,\alpha\in\Sigma\infty}[R(x,\alpha)\wedge S(x,\alpha)]}{Pr_{x\in F,\alpha\in\Sigma\infty}[S(x,\alpha)]}$
Turing $\Sigma^{*}$ $\Sigma^{\infty}$ 2 Turing
$\Sigma^{\infty}$ Tur-
ing $\Phi_{M}(x,y)=$
$\{\alpha|M(x, \alpha)=y\}$ $\mu(\Phi_{M}(x,y))$ M $x$ $y$
$\alpha\in\Sigma Pr_{\infty}[M(x,\alpha)=y]$
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[ 2.1 ] $x$ $x\in Dom(f)$ $p(|x|)$ step $f(x)$
$x\not\in Dom(f)$ Turing $f$
DTIMEF$(p(n))$ PF $= \bigcup_{i\geq 1}DTIMEF(n^{i}+i)$ ,
[ 2.2] $\chi_{L}$ DTIMEF$(p(n))$ $L$ DTIME$(p(n))$
$P=\bigcup_{i\geq 1}DTIME(n^{i}+i)$ ,









[ 3.1] $f$ : $\Sigma^{*}arrow\Sigma^{*}$ honest $P$
$(\forall x\in Dom(f))[|x|\leq p(|f(x)|)\leq p(p(|x|))]$
$f$ : $\Sigma^{*}arrow\Sigma^{*}$
$(\forall x\in Dom(f))[|x|=|f(x)|]$
[ 3.2 ] $f\in PF$ BPP- $f$ honest $Dom(f)\in P$
$M$ $x$
$\alpha\in\Sigma Pr_{\infty}[M(f(x),\alpha)\in f^{-1}(f(x))]<\frac{8}{9}$.
$f\in$ PF BPP- $f$ honest $Dom(f)\in P$
$c$ $M$
$l$
$x \in\Sigma^{l}\cap Dom\langle f),\alpha\in\Sigma\infty Pr[M(f(x), \alpha)\in f^{-1}(f(x))]<1-\frac{1}{l^{c}}$.
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$f\in$ PF BPP- $f$ honest $Dom(f)\in P$
$M$ $k$
$l$
$Pr$ $[M(f(x), \alpha)\in f^{-1}(f(x))]<\frac{1}{l^{k}}$ .
$x\in\Sigma^{t}\cap Dom(f),\alpha\in\Sigma\infty$
[ 3.3] [Go189, 93, Yao82] BPP- BPP-
ex(0) $=1,ex(n)=2^{\epsilon x(n-1)}$
o $\Sigma^{ex(i)}$ $BPP^{A_{-}}$ $A$
[ 3.4] :\infty$=0^{\Sigma^{ex(:)}}$ BPP-
$A$




$=\emptyset$ $n=1,2,$ $\cdots$ $A= \bigcup_{:}^{\infty_{=0}}A_{i}$
$n$ $N=ex(n)$ $p(N)=N^{n}+n$







$S_{\alpha}’= \bigcup_{=:1}^{n}${ $x\in\Sigma^{N}|M_{1}^{A_{n-1}\cup E}(1^{N},$ $\alpha)$ $N^{i}+i$ $x$ query }
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$\mu(\{\alpha|S_{\alpha}’\cap E\neq\emptyset\})$




$=$ $\mu(D)\mu(\{\alpha|S_{\alpha}’\cap E\neq\emptyset\}|D)+(\mu(\Sigma^{\infty}-D))\mu(\{\alpha|S_{\alpha}’\cap E\neq\emptyset\}|\Sigma^{\infty}-D)$




$A_{n}=A_{n-1}\cup E$ $M_{:}^{A_{n}}(1^{N}, \alpha)$ $E$ $f_{A_{n}}^{-1}(1^{N})$
$\alpha\in\Sigma Pr_{\infty}[M_{j}^{A_{\hslash}}(1^{N},\alpha)\in f_{A_{\hslash}}^{-1}(1^{N})]\leq\mu(\{\alpha|S_{\alpha}’\cap E\neq\emptyset\})$
$x \in\Sigma Pr_{N}[f_{A_{n}}(x)=0^{N}]\leq x\in 2Pr_{N}[x\not\in E]\leq\frac{2}{3}-\frac{p(N)}{2^{N/2}}\leq\frac{2}{3}$
$Pr$ $[M_{:}^{A_{\hslash}}(f_{A_{n}}(x),\alpha)\in f_{A_{n}}^{-1}(f_{A_{\hslash}}(x))]$
$x\in\Sigma N\alpha\in\Sigma\infty$
$=$ $Pr[M_{1}^{A_{n}}(0^{N}, \alpha)\in f_{A_{n}}^{-1}(0^{N})]\cdot Pr[f_{A_{\hslash}}(x)=0^{N}]$
$\alpha\in\Sigma\infty$ $x\in Z^{N}$








$( \forall D)[\mu(D)\geq\frac{1}{3}+\frac{p(N)}{2^{N/2}}\Rightarrow x\in ZPr_{N}[q_{D}(x)<\frac{1}{2^{N/2}}]<\frac{1}{3}]$
$( \forall D)[\mu(D)\geq\frac{1}{3}+\frac{p(N)}{2^{N/2}}\Rightarrow x\in\Sigma Pr_{N}[q_{D}(x)\geq\frac{1}{2^{N/2}}]\geq\frac{2}{3}]$
$( \forall D)[\mu(D)\geq\frac{1}{3}+\frac{p(N)}{2^{N/2}}\Rightarrow x\in\Sigma Pr_{N}[\mu(\{\alpha\in\Sigma^{\infty}|x\in S_{\alpha}\}|D)\geq\frac{1}{2^{N/2}}]\geq\frac{2}{3}]$
$D=\Sigma^{\infty}$
$x \in\Sigma Pr_{N}[\mu(\{\alpha\in\Sigma^{\infty}|x\in S_{\alpha}\})\geq\frac{1}{2^{N/2}}]\geq\frac{2}{3}$
$X=\{x\in\Sigma^{N}|\mu(\{\alpha\in\Sigma^{\infty}|x\in S_{\alpha}\})\geq v_{2}^{1}t\overline{2}\}$
$x\in\Sigma N\alpha\in\Sigma\infty Pr[x\in S_{\alpha}]$
$=x\in\Sigma N\alpha\in\Sigma\infty Pr[x\in S_{\alpha}|x\in X]\cdot Pr_{N}[xx\in\Sigma\in X]+_{x\in\Sigma N}P_{\alpha\in\Sigma\infty}r[x\in S_{\alpha}|x\not\in X]\cdot Pr_{N}[xx\in\Sigma\not\in X]$
$\geq$ $\frac{1}{2^{N/2}}\frac{2}{3}$
$( \forall\alpha)[Pr_{N}[x\in S_{\alpha}]\leq\frac{np(N\rangle}{2^{N}}]$
$x \epsilon\Sigma^{N},\alpha\in z\infty Pr[x\in S_{\alpha}]\leq\frac{np(N)}{2^{N}}$
$A= \bigcup_{:}^{\infty_{=0}}A_{*}$.
Turing $M_{n}$ $L=ex(l)(l\geq n)$
$0^{L},$ $1$ $A_{l+1}$ $2^{L}$ $M_{n}^{A}(0^{L})$
$M_{n}^{A_{l}}(0^{L})$ $l$
$x \in\Sigma L\cap Dom(f),\alpha\in\Sigma\infty Pr[M(f(x),\alpha)\in f^{-1}(f(x))]<\frac{8}{9}$
$L$ $\frac{8}{9}<1$ $\frac{1}{L^{e}}$ $c$
Turing $M_{n}$ $L$








$E$ $x$ $y\in\Sigma^{p(N)}$ $q_{\overline{y}}(\overline{x})$
$\alpha\in\overline{y}$ $S_{\alpha}$ \mbox{\boldmath $\tau$} $2^{p(N)}$ $S_{\alpha}$ $x$
$O(p(N)2^{p\langle N)})$ $x\in\Sigma^{N}$
$O(2^{N}p(N)2^{p\langle N)})$ $D$ $\mu(D)=\frac{1}{2}$
$q_{D}(x)\geq\overline{2}^{\nabla^{1}\Gamma}$ $x$ $np(N)2^{N/2-1}$ $np(N)2^{N/2-1}+2^{N}/3<2^{N}$
$np(N)2^{N/2-1}+2^{N}/3$ $x$ $q_{D}(x)$ $E$ $E$
$O((np(N)2^{N/2-1}+2^{N}/3)2^{N/2}p(N)2^{p\langle N)})$
step $n$ $p(N)$ $N$
$c$ $O(2^{cP\langle N)})$ ex $\log*$ $n=\log^{*}N$
step $n$ $A$ $N$ $A$
$n$ $o(2^{cn^{1og\mathfrak{n}}})$ $o$
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